Inverse Problems, Design and Optimization Symposium
Miami, Florida, USA, April 16-18, 2007

TOPOLOGICAL SENSITIVITY ANALYSIS FOR
SOURCE PERTURBATION IN TRANSIENT
PROBLEMS

P.J. Blanco
Laboratorio Nacional de

Computagdo Cientifica LNCC/MCT

Rio de Janeiro, RJ, Brazil
pjblanco@Incc.br

A.A. Novotny
Laboratorio Nacional de
Computagdo Cientifica LNCC/MCT
Rio de Janeiro, RJ, Brazil
novotny @Incc.br

R.A. Feijoo
Laboratério Nacional de
Computagao Cientifica LNCC / MCT
Rio de Janeiro, RJ, Brazil

feij@Incc.br

ABSTRACT

In this work we calculate the topological derivative for
a quite general heat transfer problem when perturbing the
reactive coefficient and the source term as well. This is ob-
tained for two cost functionals, one depending upon a given
function on a portion of the boundary and the other based
on a Kohn—Vogelius criterion. Then, we use this expression
as an indicator function in order to devise an iterative algo-
rithm to apply it in the context of an optimization problem
and of an inverse problem.

INTRODUCTION

As it is well known, the topological derivative provides
the sensitivity of a given cost functional with respect to an
infinitesimal domain perturbation, for instance, an inser-
tion of a hole, an inclusion or a coefficient discontinuous
variation at a given point X. In case of stationary prob-
lems several approaches have been considered for dealing
with the calculation of the topological derivative [Céa et al.,
2000; Novotny et al., 2003; Sokolowski and Zochowski,
1999]. Nevertheless, there exists very little literature con-
cerning this topic involving transient problems [Amstutz
et al., 2006].

On one hand, the topological derivative has been
widely used as an descent direction indicator within the con-
text of optimization problems in order to find an optimal
solution (in some sense given by a cost functional), by in-
serting holes or even changing material properties. On the
other hand, the use of the topological derivative has been ex-
tended to the context of inverse problems by using it as an
indicator of which regions should have the topology (or the
material property) altered so as to minimize a conveniently
stated cost functional. In this way, it would be possible to
identify regions whose topology (or material properties) is

perturbed by measuring the solution on the boundary. In
this way we may mention at least two approaches in order
to build a cost functional from measured data: (i) the clas-
sical one consists in building a cost functional depending
directly upon the information on the boundary and of the
direct problem, and (ii) the second one based on a Kohn—
Vogelius criterion, that is using the information available on
the boundary to set up an auxiliary problem which is used to
build a cost functional depending upon the solution of this
auxiliary problem and of the direct problem. All this have
been done for stationary problems.

In [Amstutz et al., 2006], a rather general class of prob-
lems of transient nature as the heat transfer problem and
the wave propagation problem are tackled, calculating the
topological derivative when all terms in the equation are
perturbed. However, in this work it is not considered the
existence of convective terms in obtaining the topological
derivative, nor numerical examples are presented. In the
present work we consider the heat transfer problem incor-
porating the convective term, and we obtain the topological
derivative when perturbing the reactive coefficient as well
as the source term. In this way it allows us to quantify the
sensitivity of a given cost functional to the infinitesimal al-
teration of those parameters in a discontinuous manner at a
given location X.

Concerning applications, we apply the topological
derivative as an indicator function to devise iterative algo-
rithms for two situations: (i) an optimization problem for
which we want to find the optimal location of sources such
that a given target function is achieved; and (ii) an inverse
problem where we look, from measured data, for regions
whose source term was perturbed.
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THE HEAT TRANSFER PROBLEM

In this section we state the problem under study and
also the two cost functionals for which we will calculate the
topological derivative. The section ends with the statement
of the corresponding adjoint problems defined by the direct
problems and the cost functionals.

Statement of the problem

As aforementioned, in this work we consider the heat
transfer problem involving convection-diffusion-reaction
phenomena in (0,7) x Q, Q € R" (n = 2,3), with boundary
I". We also consider Dirichlet, Neumann and Robin bound-
ary conditions, over I'p, I'y and I'g respectively. Thus, the
variational problem consists in finding for each ¢ € (0,7T)
u € U such that

Z
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—uv—l—(V-Vu)v—i—(xVu-Vv—i—Buv dx
Q ot

VA Z
+  hawvddD'=  fvdx+  houovdl
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with u(x,0) = 0in Q and where, for each ¢t € (0,7), it is
feH(Q), ge H'2(Ty), a,p € L™(Q), he € L(T),
U € H'/2(Tg) and v € [L™()]? is a vector field such that
divv = 0, and also

U={ve H' (Q);vr,(.t)=a(-,)},
V={veH" (Q):vr,(-1)

I
=
—~

Cost functionals

In this section we present the cost functionals used in
computations. Those functionals depend on a given func-
tion over a mensurable portion of the boundary, say I'*.
Such a known function will constitute, depending upon the
case, the target function in the optimization problem or the
measurement over the boundary in the inverse problem.

Firstly, let us consider a given function u; over a por-
tion of the boundary I'* =T, such that I, N\I'p = 0. Then
we set the following cost functional

Joi(u) = (u—ug)>dldz, 3)

where u is the solution of the variational problem (1). Ob-
serve that ; may be, in the general case, time dependent.
Secondly, suppose that u; and g4 are given functions
corresponding to temperature and heat flux, and both spec-
ified over portions of the boundary I', and I, respectively,
such thatI', U’y =I"and I', NIy, = @. Then, let us consider
the following cost functional based on the idea of a Kohn—
Vogelius criterion depending upon the information available

over the boundary

Jan(u,u) = (u—u)? dxdr, 4)

where u is the solution of the variational problem (1),
whereas u” is the solution of the following auxiliary vari-
ational problem that consists in finding for each ¢ € (0,T)
u* € W such that

Z A
%v+(V~VuA)v+OLVuA~Vv+BuAv dx
Q

Z Z

= fvdx—  g4vdDl
Q

Iy

weXx, (5

with #4(x,0) = 0in Q and where, for each r € (0,T),
f,a,P,v are as in problem (1), also it is

W={veH Qv () =u(-0},  (©)
X={veH" (Q):vr,(-,t) =0}. (7

In this manner we build information on the whole do-
main Q from the information available on the boundary.
Then, we measure the gap between the solution of problem
(1) and the information over the boundary in the indirect
sense given by cost functional (4). It is worth noting that,
with this approach, we avoid asking for more regularity for
the solution in case of buil@in% a cost functional involving
an integral term of the type r, (—aVu- q4)*dr°ds for in-
corporating information concerning the heat flux over the
boundary. Nonetheless, the disadvantage here is that the
computational cost has been clearly increased.

Adjoint problems

Once we have introduced the involved problems to-
gether with the cost functionals we are in position to set
up the corresponding adjoint problems. These problems are
presented here for sake of brevity and in view of what will
be introduced in the next section.

It is well-known that, for transient problems, the corre-
sponding adjoint problem is a time-reversal problem, that
is, a final-boundary value problem. For the heat trans-
fer problem with convection—diffusion—reaction phenomena
the adjoint problem corresponding to cost functional (3)
consists in finding for each 7 € (0,T) A; € 9 such that

z
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—]n + (v-VA )N —aVA; - Vn—BAm| dx
Q ot
Z Z
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with A1 (x,7) = 0in Q for convenience, and all the other
parameters as defined in the above, also it is

Y ={neH" (Q):ny,(-) =0} ©)

Here, A, is the adjoint state of function u.

On the other hand, since cost functional (4) depends
upon two functions, u and u?, that must satisfy, in turn, vari-
ational problems (1) and (5), we have two adjoint problems
as follows: (i) for eachr € (0,7T) find A, € 9 such that

Z Ton
20+ (v- VAN — aVA, - Vi — PAom | dx
ol o, z

— hc7\.21"| dI" —
I'r 7

(v-n)Aomdl' =
Iyulg

Q(u—uA)ndF ymey, (10)

with 9 defined in (9), and (ii) for each ¢ € (0,T) find A € X
such that

Z o
5 [atn +(v- VA —avat - vn
Z
- B?»An} dx— (v-m)Andl =
z
(u —undr
Q

vnex, (1)

with X defined in (7). Here, A, and A* are the adjoint states
of functions u and u* respectively.

Notice that in the case of functional (3) we obtain as a
part of the adjoint problem a Neumann boundary condition
from the error on I';;, (see expression (8)), while in the case
of functional (4) we generate a volume source from the error
in Q (see expressions (10)-(11)).

As final remarks it is worth mentioning that the final
boundary condition was taken as the zero function in order
to simplify the approach. Nonetheless, nothing impedes to
consider an arbitrary function. Also, observe that the con-
vective term introduces a Robin boundary condition in the
adjoint problem.

TOPOLOGICAL-SHAPE SENSITIVITY ANALYSIS

In this section we present the calculation of the topolog-
ical derivative for the problem of our concern. This is car-
ried out by means of the theory of shape—sensitivity analy-
sis. We also present what would be called the extension to
transient problems of the generalized Eshelby energy mo-
mentum tensor.

Preliminaries
Firstly, we need to recall some classical results from
continuum mechanics concerning the material derivative of

certain quantities. One of the forms of the Reynolds trans-
port theorem expresses that the material derivative of the
volume integral of an arbitrary field ), when there exists a
given velocity of change of the boundary w,, can be written
as follows

d z z

— Xcdx =
Qr

o [Xz + Yo dive W] dx:. (12)

T

where T € R is the control parameter that governs the mag-
nitude of the velocity of change. Also we need the expres-
sions of the material derivatives of the gradient of a scalar
field ¢ and a vector field u as follows

(Vi) = V6 —LIV.0, (13)
(Veu) = Vo — (Vou)Le, (14)

where L; = Vw,. Also it will be consider the following
identity I . L; =1-V.w, = div; w,.

Sensitivity analysis and the generalized Eshelby
energy momentum tensor

We aim at calculating the sensitivity of some cost func-
tional when an infinitesimal perturbation in some parame-
ters is introduced. This can be done in several ways. The
approach considered in this work, as mentioned, is based
on the theory of shape—sensitivity analysis. We will present
the guidelines in obtaining the topological derivative for the
case of cost functional (3). For functional (4) the result fol-
lows in a completely analogous manner. Let us consider
first an existent portion of the domain, say ®e C Q¢, with
Q¢ denoting the domain with the region 0 = X+ € being
o fixed and containing the origin. This particular region will
be characterized by the abrupt change of the source term f
and the reaction coefficient 3. Thus, we have that these pa-
rameters have the following form

fo inQe\Be
ﬂ@—&lm% : (15)
B<X){B1 in 6 ; (16)

where fy, f1, Po and B, are arbitrary functions whose values
differ on the boundary dwe. In this work we consider only
constant functions for the sake of brevity. Therefore, we
have a jump in these quantities on such a boundary dw;.

Hence, we divide the domain Q¢ according to the por-
tion g, and calculate the sensitivity of the cost functional
when perturbing the shape of each portion of the domain as
shown in figure 1.
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Figure 1. Perturbation of domain Q.

In order to obtain the sensitivity of cost functional Jo,,
we build the corresponding Lagrangian functional

Zr

Lﬁsl(Avi‘l):]Qel(ﬁ)_F 0 %s(ﬁvs\'l)dt’ (17)

where Ko, denotes the variational problem (1) when exist-
ing region Me. When iI = ug is in fact the solution of such
a variational problem, with f and B defined as in (15) and
(16) respectively, we have

Ro, (ug,v) =0 Vv e V. (18)

With these considerations we are able to perform a perturba-
tion of the domain and to calculate the sensitivity of the La-
grangian functional. In this manner we circumvent the fact
that the involved functions are restricted to satisfy the cor-
responding variational problems. Indeed, it is well-known
that

Loy, (@,A1) = Jooe 1 (tte)- (19)

i=ug

AM=Aei

where () denotes the sensitivity, and A¢; is the solution to
the adjoint problem (8) when the parameters f and [ are
defined as in (15)—(16).

With these expressions and the relations given by the
continuum mechanics already presented we can write the
sensitivity of the cost functional as follows

Z,2
Joe (ue) = Y1 - VW, dxdt
o Z,Z

+ . be; - W, dxdr,  (20)

€

where w,, is the material representation of the shape change
velocity w,. Also, it appears the tensor X¢; that is iden-
tified as the generalized Eshelby energy momentum tensor
[Gurtin, 2000]. The form of this tensor in this case is the
following

o1 = 01 I+ Ky, 2D

with I the identity tensor and

+0Vug - Ve + Bueher — fh1,  (22)

Kgl = —(X(Vua ® V)\-gl + V?\,gl X VMg)
— (Ae1Vue) @v, (23)

while vector bg; is given by
be = (V)" Vitehe, (24)

since in our case we have considered an arbitrary velocity
v. In case of constant velocity v or even in absence of con-
vective effects we have bg; = 0.

It is interesting to explore some properties of the tensor
Ye1. In fact, this tensor plays an important role within what
is known as the balance of configurational forces when a
perturbation of the kind performed here is introduced. Un-
der suitable regularity assumptions and using basic tensorial
identities it is quite straightforward to prove that in this case
of a transient problem the balance of configurational forces
is given by the following equation

z T z T
divEe dt =  bedt  in Q. 25)
0 0

With this property at hand and considering that

Wm:{O onT, 26)
n onowg,

where n is the unit outward normal to g, we can rewrite
the sensitivity (20) by simply using the Green formula as
follows

Z,2

jégl(”e) = [Zei]n-ndldr, 27
0 Jdug

where [-] denotes the jump of the X tensor as a result of
the jumps introduced in f and P. It follows that the sensitiv-
ity of the cost functional can be written as a function of the
flux of the jump of the Eshelby tensor across the boundary
which is being perturbed. With the expression of X¢; it is
easy to show that

[[Esl]]n'n = (B1 —Bo)ucher — (fi — fo) e, (28)
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where it has been considered that o and also that the flux
—a% are continuous on dw,. Substituting this expression
into (27) we arrive at the following

z,2
j@](“ﬁ) = 0 [(Bl — Bo)uehe,

— (fi — fo)ker] dTdz,  (29)

that constitutes the expression for the sensitivity of the cost
functional (3) when a jump over d® occurs in parameters
f and .

In a completely analogous way we found for the cost
functional Jgo,, that the Eshelby tensor has the same form
as in (21) with

0
Oer = (e — “Q)z + %7‘@2 + (v Vue)her
+ Ve - VAes + Buehes — fher
200 v

+aVud - VAL 4+ Budad — 22, (30)

Ker = —01(Vitg @ Vs + VAer ® Virg)
— (Vi @ VAL + VAL @ Vuy)
— (AeaVue + MV @v, (31)

while vector by, is
ber = (VV)T [Vuehe, + Vi A2]. (32)

The sensitivity in this case takes the following form

Z,2

Joen (e, 1) = . [(B1 — Bo) (uehes +uig A7)

0me

—(fi — fo) hea + )] dTdr.  (33)

Here A¢, and A2 are the solutions to the adjoint problems
(10)-(11) when the parameters f and [ are defined as in
(15)-(16).

The topological derivative

The next and final step in order to obtain the expression
of the topological derivative is to calculate the limit when
€ — 0. Indeed, the topological derivative, in this problem,
gives the sensitivity of the cost functionals when parameters
within an infinitesimal region acquire a value that differs
from the rest of the domain in a discontinuous fashion, or, in
other words, when the region ®, with its own characteristics
is actually created.

In [Novotny et al., 2003] it is proven that the topologi-
cal derivative at point %, denoted by D Jo(X) for the cost
functional (3), can be obtained by calculating the following
limit

DI ( (34)

>

N2
I

T.’:
28

where / is a monotonically descent function that approaches
from zero when € — 0.
It is not difficult to achieve expansions of the form

e = u+ Oy (e"?),

(35)
}\-sl = }\'1 + Ox(fi"/z),

where u and A; are the solutions to problems (1)-(8) when
no perturbation is introduced in parameters f and B and
n is the spatial dimension. In fact, these expansions can
be given in the sense of some norm of a suitable Sobolev
space, then, using compactness arguments under some reg-
ularity assumptions we reach the desired result. Introducing
these expansions into expression (29) and into (34), using
the localization’s theorem and considering /' (€) = |0wg| the
measure of the boundary of ®g, we obtain

Q)‘TJQI()A() = [(Bl _Bﬁ)u(ﬁﬂt)z‘l(&t)

—(fi—fo)MR,1)]dr, (36)

ZT
0

that is the expression of the topological derivative for cost
functional (3).
Analogously, we obtain for the cost functional (4) the
following expression for the topological derivative
Zg
Dy Joa(X) = . [(B1 —Bo)u(%,1)A2(%,1)
+ (Bl - BO)MA()}’I);\‘A()}J)

—(fi — fo) M2 (%,1) + A4 (%,1))] dr,  (37)

where u, u, A, and A? are the solutions of variational prob-
lems (1), (5), (10) and (11) respectively, when f = fy and
B = [3() in Q.

NUMERICAL ASSESSMENTS

In this section we present two examples for which we
apply the concept of the topological derivative. In our ex-
amples we limit ourselves to perturbing the source term f.
So, in expressions (36)—(37) we have B; = Po.

Example 1:
Consider the situation shown in figure 2. We have a
given portion of the boundary I'* = I'y for which we have
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a given time dependant function u,. The meaning of this
function depends on whether it is an optimization or an in-
verse problem. Such a function is shown in figure 3. Also
itisf=1,a=1,=0,v=0,h =1, 4 =0.1,T =0.1
and # = 0 on I'p. Soitis I'y = 0. Three constraints are
considered for this problem:

-The perturbations of the source term must be placed
on the dotted line (section A-A).

-The perturbations are carried out with a factor of 20.
That is, starting with f = 1 we may pass to f = 0.05 or to
f =20, being those the only possibilities considered.

-The size of the perturbation is at least 0.02.

1—‘D Q r D

I'p

Figure 2.  Setting of example 1.

006
Advancing in time

005

004

002

001f

Figure 3. Curve on I'*.

Then, using the topological derivative as an indicator
function we may devise the following iterative process (here
presented for cost functional J;):

(a) Solve variational problems (1)—(8) computing « and A;.

(b) Compute the topological derivative with expression
(36), but without considering the factor f; — fp.

(c¢) Look for those locations, on section A-A, where
Dy Jo1 (X) takes its minimum and maximum values.

(d) Set f1 =201y (f1 =0.05fp) in the location of minimum
(maximum) value of Dz Jo(X).

(e) Consider now the altered function f of step (d) into vari-
ational problems (1)—(8) and go back to step (a).

For cost functional % the iterative process is com-
pletely similar, but using variational problems (1)—(5) and
(10)—(11) in step (a), and the expression (37) in step (c).

Both cases, the use of the topological derivative in an
optimization and in an inverse problems, are depicted in the
following.

i. Optimization problem:

In this case function uy is a given target function we
want to achieve. Then, we want to found a configu-
ration of sources such that cost functional (3) (or (4))
is minimized. In this case the set of constraints intro-
duced in the above corresponds to design criteria. The
minimization process leads, after 22 iterations, to the
result shown in figure 4. There we compare the target
function u, (continuous line) with the achieved result u
(dashed line) for several time instants.

tT=14 / T tIT=1

Figure 4. Comparison between the achieved solution (dashed line)
and the target function (continuous line) for cost functional Jo .

In the same way, when considering the cost functional
(4) we reach, after 22 iterations, the results shown in
figure 5.

tT=14 P N

Figure 5. Comparison between the achieved solution (dashed line)
and the target function (continuous line) for cost functional 5.

ii. Inverse problem
In this case function u, is a measurement acquired from
the real problem including the actual source configu-
ration. The objective here is to try to find the source
configuration that gives such a measurement on that
portion of the boundary. That is, we want to found a
configuration of sources such that cost functional (3)
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(or (4)) is minimized. In this case the set of constraints
introduced in the above corresponds to additional infor-
mation we know about the inverse problem. The mini-
mization process leads, after 22 iterations, to the results
shown in figure 6. There we show the progress of the
source configuration.

Figure 6. From top to bottom, source configuration in iterations 10,
15 and 22 for cost functional Jq .

Analogously, with cost functional (4) we reach, after
22 iterations, the results shown in figure 5.

Source
20
E 1
0.0%
Source
20
E 1
0.05
Source

20
E )
0.05

Figure 7. From top to bottom, source configuration in iterations 10,
15 and 22 for cost functional 5.

It is interesting to note that in both cases, optimiza-
tion and inverse problems, the problem we are solving is
exactly the same. The difference is on the meaning of the
constraints and on the interpretation of the results. Indeed,
while for the optimization problem we are interested in the
function we achieve on the boundary I',,, in the inverse

problem we are interested in the final source configuration
in order to compare it with the target that is given in figure
8.

Source
20
E :
005
Figure 8. Target source configuration.

In figures 9 and 10 we present the values of the cost
functionals for each case. Also, the comparison of the value
of cost functional Jo; between the solution obtained with
the proper cost functional, that is u1, and that obtained with
cost functional Jq,, that is u; is included in figure 9.

1,0E-02

9,0E-03
8,0E-03 |
7.0E-03 {
6.0E-03 |
5 5.0E-03 Lj_:i”:g
4,0E-03
3,0E-03
2,0E-03
1,0E-03 1
00E+00 ‘ : S SeN
0 5 10 15 20 25

Iterations

Figure 9. Minimization process through the value of cost functional

Joi-

5,0E-04
4,5E-04
4,0E-04
3,5E-04
3,0E-04
2,5E-04
2,0E-04
1,5E-04
1,0E-04
5,0E-05
0,0E+00 T ¥ Fee2= *

J2

Iterations

Figure 10. Minimization process through the value of cost func-
tional Jo,.

Example 2:

This example corresponds to the use of the topological
derivative in an inverse problem. The goal is to find the lo-
cation of a region where the source has been altered. In this
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case we have no restrictions concerning with the location
of the source perturbation. We limit ourselves to show the
topological derivative computed at the first iteration.

For this example we work with the cost functional (4),
and the parameters that define the problem are =1, p =1,
f=1,v="e,+¥Le,T=1,§=00nTy,i=1onTp,
and # =0o0nI'p,. So, itis ' = 0. Figure 11 shows the set-
ting of the problem, being L = 1. For the auxiliary problem
we have that u, is the measurement of the temperature on
the portion of the boundary I'y and g, is the measurement
of the heat flux on I'p, both measurements taken from the
real problem including the region with a perturbed value of
/. that is a disc of radius £ centered at point (%, %). In this
manneritisI'y =Tp and I', =Ty.

r, L/10

"] L/10
L r,

2

|

I
S
®
o

L v

L2

Figure 11. Setting of example 2.

For this example we present in figure 12 the result just
for the first iteration of what would be the iterative process
presented in the above.

Figure 12. Topological derivative.

In this case, as expected, the minimum value of the
topological derivative is achieved on the boundary. In the
previous example this drawback, inherent to the problem,
was circumvented by considering the value of the topologi-
cal derivative over section A—A.

It is important to observe that the topological derivative
is actually the sum of the solutions of both adjoint prob-
lems. Therefore, the result is a balance between the adjoint
states. It is not difficult to achieve in practice a situation for
which one of the adjoint states dominates the value of the
topological derivative, as a result of out—of—scale problems.
This scaling trouble can be avoided by introducing a suit-
able real parameter multiplying the term associated with the
restriction R in expression (17). This subject is still be-
ing studied, and would help in handling problems like the
presented in this last example.

CONCLUSIONS

In this work the topological derivative for source and
reactive coefficient perturbation was calculated for a further
general version of the time—dependent heat transfer prob-
lem. Besides, a configurational force balance was obtained
for the sensitivity analysis problem and also the generalized
Eshelby tensor was identified.

In applications, when using the topological derivative
as an indicator function, it showed promising results prov-
ing to be a powerful tool in optimization problems. On the
other hand, its use as an approach to inverse problems is still
a matter of further study.
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